Abstract
Introduction
The study of phylogenetics involves the construction of evolutionary relationships between species [14, 15] . Among different phylogenetic models, the tree is the most widely used model due to its simplicity and effectiveness [5, 9] . When constructing a phylogenetic tree, distance and character are the two most common measurements. In distance-based models, the phylogenetic tree is constructed from a set of pair-wise (non-negative) distances between species. Ultrametric [12] and additive [10] trees are two wellknown examples of this model. In character-based models, the phylogenetic tree is constructed according to the presence or absence of the characters observed from the species. Perfect phylogeny [8] is one of the most popular character-based models. In this model, there are only two states for each character, zero, where the character is absent, and one, where it is present (i.e. c(x) ∈ {0, 1}). The perfect phylogeny problem is to verify whether a given set of species with a set of characters form a perfect phylogenetic tree, and if it does, construct the corresponding perfect phylogenetic tree. [8] describes an O(mn) time algorithm for this problem, where m is the number of species and n is the number of characters. In addition, since O(mn) is the lower bound of the problem, it is an optimal solution. Extended models from perfect phylogeny have been suggested, such as generalized perfect phylogeny [1] and perfect phylogenetic network [13] 2 ) algorithm for this problem where the number of states of the characters (r) are fixed. However, this problem has been proven to be NP-hard in general. In the perfect phylogenetic network, merging between subtrees is allowed. An O( 3 n ) algorithm is proposed for a restricted version of this problem [13] . However, this problem is also proven to be NP-hard in general.
All previous perfect phylogeny based models assume the states of the characters are discrete. However, fuzzy boundaries between species and degrees of character development are commonly found in nature [2, 6, 7] . Fuzzy boundaries refer to the ambiguous definition between presence and absence of a character, and degrees of character development refer to the various expression levels of a character. These phenomena show the need for a more relaxed model. This paper proposes the fuzzy perfect phylogeny model that extends the perfect phylogeny model to allow for a fuzzy membership of the characters (i.e. c(x) ∈ [0, 1]). We show that the proposed model is backward compatible to the perfect phylogeny model. In other words, if the input only composes of {0,1} characters, then the proposed model defines the same phylogenetic tree as that of the perfect phylogeny model. The uniqueness of the proposed model is also shown. That is for any given input, the model uniquely defines at most one phylogenetic tree. Furthermore, we show how the fuzzy perfect phylogeny problem can be transformed to the perfect phylogeny problem in O(mv) time where m is the number of objects and v is the number of distinct value of characters. As a result, valuable information from the experimental data can be used without substantially increase the problem complex.
The rest of the paper is organized as follows. In Section 2, the perfect phylogeny problem and the O(mn) time algorithm are explained. Within Section 3, the fuzzy perfect phylogeny problem is defined. Then, the backward compatibility and uniqueness are shown in Section 4. In Section 5, the transformation from fuzzy perfect phylogeny to perfect phylogeny is explained. Finally Section 6 provides some concluding.
Perfect Phylogeny
In perfect phylogeny [9] , the phylogenetic tree is constructed according to the divergence of different characters of the species. Specifically, there are only two states for each characters, zero, where the character is absent, and one, where it is present (i.e. c(x) ∈ {0, 1}).
To formally describe the perfect phylogeny problem, we let the input be an m by n matrix, M, with m = |X| and n = |C|, where X is the set of objects (species) and C is the set of characters. Each entry where M[i,j] ∈ {0, 1} represents the character j in object i. In [9] , it defines a phylogenetic tree T for matrix M to be a rooted tree that satisfy:
1. T has exactly m leaves each is labeled as exactly one object; 2. each of the n characters labels exactly one edge; 3. for any leaf node l, the path from the root node to l defines exactly all characters l has. Thus, the following is the perfect phylogeny problem. Given a matrix M, determine whether M has a perfect phylogenetic tree T, and if so, construct T. An example of a matrix M and its perfect phylogenetic tree T are shown in Figure 1 .
To better understand the perfect phylogeny property in term of matrix M, let us look at the following lemma (Lemma 1). number, we can create a matrix M' that is composed of all these vectors in sorted descending order. We then extract the set of keywords K for all objects, where the keyword for an object x is the string that all composes of the characters x has, in left to right order of M'. Now, M (and M') is perfect phylogeny if and only if there is a keyword tree k 
Fuzzy Perfect Phylogeny
Although discrete stated characters provide a simple abstraction of characters, valuable information could be lost during the discretization of the experimental data. In addition, fuzzy boundaries between species and degrees of character development are indeed often found in nature. Therefore, we propose a new phylogenetic model that allows the representation of such fuzziness, called fuzzy perfect phylogeny. Fuzzy perfect phylogeny is an extension of perfect phylogeny, where the binary membership function (i.e. c(x) ∈ {0,1}) is replaced by a fuzzy membership function (i.e. c(x) ∈ [0,1]). Therefore, c(x) = 0 represents the total absence of the character, c(x) = 1 represents the maximal expression of the character, and c(x) = z, for some 0 < z < 1, represents the partial expression of the character. Furthermore, if c( 1 Thus, the fuzzy perfect phylogeny problem is that, given a [0,1] matrix M, we need to determine whether there is a fuzzy perfect phylogenetic tree T for M, and if so, construct T. For convenience, we will use the terms fuzzy phylogeny and fuzzy phylogenetic tree instead of fuzzy perfect phylogeny and fuzzy perfect phylogenetic tree respectively. Figure 3 shows an example of a [0,1] matrix M with its fuzzy phylogenetic tree and the discretized matrix M' from M (with 0.5 threshold) with its perfect phylogenetic tree.
Properties of Fuzzy Perfect Phylogeny
Since fuzzy phylogeny is extended from perfect phylogeny, it is important for the following two properties to hold. First, if a matrix M is perfect phylogeny, it must be fuzzy phylogeny too. (To clarify, M itself is a {0,1} matrix, and there is no discretization involved.) Second, if T is the perfect phylogenetic tree for matrix M, then the fuzzy phylogenetic tree T' for M (by the first property, it must exists) must be the same as T (topologically). These two properties indeed hold in fuzzy phylogeny, The proof is presented below.
Property 1:
If a matrix M is perfect phylogeny, then M is fuzzy phylogeny.
Property 2:
If T is the perfect phylogenetic tree for matrix M, then the fuzzy phylogenetic tree T' for M is the same as T (topologically). Proof:
To show that property 1 is true, it is sufficient to show that property 2 is true. To show that property 2 is true, we can see that Γ(M) = M when M is itself a {0,1} matrix (except for useless columns where every entry is zero, however the label of this column will not be in T anyway). Therefore, T' is the same as T.
Uniqueness of valid phylogenetic trees is important to a phylogenetic tree model. A phylogenetic tree model is called unique if for any input M, there is only one valid phylogenetic tree T for M. These models have an advantage of providing an unambiguous solution for each input. Note that, although uniqueness is a good feature of a phylogenetic tree model, it should be the outcome of a biological theory, not the goal in designing the model. The fuzzy phylogeny model is indeed unique. However, before we present the proof, some technical details must first be clarified.
Although the above definitions of the perfect phylogenetic tree and the fuzzy phylogenetic tree provide simple explanations of the two models, a few technical details were in fact left out. In order to prove the following lemmas, these technical details must be stated clearly. Therefore, we add one assumption to M (or Γ(M')) that is used to construct the perfect or fuzzy phylogenetic tree as described earlier, and two more requirements for both the perfect and fuzzy phylogeny model. a. Matrix M is assumed to have no useless columns. Specifically, the {0,1} matrix M (or Γ(M') that is a [0,1] matrix) has no two columns where the binary numbers are the same. In addition, there is no column that contains all zeros (or ones).
b. The perfect and fuzzy phylogenetic tree also satisfy that no edges have an unlabeled ancestor edge; each internal node can have at most one unlabeled child edge. Now, we are ready to prove the uniqueness of the fuzzy phylogeny model. It is presented in Lemma 2.
Lemma 2
The fuzzy phylogeny model is unique. Proof:
We approach the lemma by looking at the uniqueness of the sub-trees of T and then by running an induction for reducing the height of these sub-trees. A sub-tree is unique if all of its child edges are unique and all of its child sub-trees are unique. Let us first assume the converse. There are two fuzzy phylogenetic trees T and T' for M, where T ≠ T'. For every internal node i in T and the corresponding internal node i' in T' (so, node i and i' are the root nodes of T and T' respectively, for the base case), if there exists an edge x that has character q but not p in T, and a node 2
x that has both character q and p in T', however, there is a node 3
x that has character p but not q in T' which must also be in T. This situation violates lemma 3.1, so there is a contradiction. case 2 ( j e is an unlabeled edge): An object x under j e in T must not have any other characters, but x must have character p in T'. Therefore, there is a contradiction. (Note that it is based on the induction argument, where there is no contradiction from edges above.) Finally, when two fuzzy phylogenetic trees T and T' are unique in edges, they must be unique in leaf node too. Thus, T and T' must be the same tree.
Transformation
The fuzzy phylogeny model provides an effective platform to construct the phylogenetic tree from nonbinary data. However, its computation is indeed theoretically the same as that of perfect phylogeny. Below we show how the fuzzy phylogeny problem can be transformed to the perfect phylogeny problem.
We define that d = Σ|Val by |Val( k
≥ the distinct value of column j; it is equal to zero otherwise.
The correctness of the transformation procedure Γ to solve the fuzzy phylogeny problem can be shown with Lemma 3 and Lemma 4.
Lemma 3:
M is fuzzy phylogeny if and only if M' is perfect phylogeny.
Lemma 4:
A perfect phylogenetic tree T' for M' is a fuzzy perfect phylogenetic tree T for M.
Proof:
If M' is perfect phylogeny, the perfect phylogenetic tree T' is also the fuzzy phylogenetic tree for M. When we look at any object x in any leaf node l in T', we see l's path to the root node has the maximum value of each characters of x. In addition, for any l, all labels have smaller values that must be in the path to the root node, and they must be in a decreasing order from l to the root node. Conversely, the "only-if" direction is similar, because T can be used for M' also. time. An example of the transformation is shown in Figure 4 .
Conclusion
Perfect phylogeny is one of the most popular character-based models. This model assumes the states of the characters are discrete. Although it provides a simple abstraction of characters, valuable information could be lost during the discretization of the experimental data. Indeed, fuzzy boundaries between species and degrees of character development are commonly found in nature. Therefore, we proposed the fuzzy perfect phylogeny model that extends the perfect phylogeny model to allow for a fuzzy membership of the characters. The properties of this model, such as uniqueness and backward compatibility, were then shown. We also showed how the fuzzy perfect phylogeny problem can be transformed to the perfect phylogeny problem in O(mv) time where m is the number of objects and v is the number of distinct value of characters. As a result, valuable information from the experimental data can be used without substantially increase the problem complex.
The fuzzy perfect phylogeny model not only effectively extends the perfect phylogeny model. In fact, the new model introduces a new direction to handle non-ideal experimental data. Here we suggest the concept of an adjustable range e, that is the range where we allow the data values to deviate. As a result, we have the following definition.
Given The application of the fuzzy perfect phylogeny model is an on-going research. The fuzzy character provides an effective way to model imperfect experimental data. Therefore, new problems are expected to derive from the proposed model.
